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Background: Resource allocation and scheduling in multiple domains use assignment

problems which are free from conflict and therefore form the core of the problem class.

ISSN (Online): 3107-6580 The theory of graph coloring is a very useful combinatorial model for these types of
Impact Factor (RSIF): 8.23 constraint-satisfaction problem. The development of a more comprehensive
Volume: 02 theoretical and practical framework to integrate these two fields into a consistent study
Issue: 03 will require further research.

. Objective: The objective of this paper is to show how graph coloring can be
Received: 22-02-2026 formulated as an independent framework. It demonstrates that there are a variety of
Accepted: 24-03-2026 problems (exam schedules, scheduling jobs on processors, allocating wireless
Published: 26-04-2026 frequencies, and allocating registers for compilers) that can be recast as vertex and

. edge coloring problems.
Page No: 14-19 Methods: In this dissertation, we employ a chromatic decomposition method by using

vertices to represent entities needing assignment and edges to define conflicts between
entities on a conflict graph. We use feasible graph colourings to find a valid
assignment of entities to available resources. The analysis of this research includes
computing time performance analysis of various heuristics and metaheuristics,
including use of a DSATUR heuristic, genetic algorithms and simulated annealing
algorithms.

Results: The results show that chromatic number x(G) establishes an exact lower
bound for the minimum number of resources required and provides evidence that the
overall graph coloring problem is NP-complete so exact solutions are computationally
impractical when instance sizes are large. Comparison of heuristic and meta-heuristic
methods demonstrated that near-optimal solutions can be produced in an efficient
manner, thereby providing strong practical utility in several different disciplines.
Conclusion: Graph coloring provides an exact mathematical description (and
computational extension) of several different types of assignments under one
mathematical model. By abstracting these problems into one common form, different
optimization strategies can be applied regardless of the application area, thus
alleviating the need to create a specialised solution for each problem
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1. Introduction

1.1 Background on Conflict-Free Assignment Problems

Conflict-free assignment problems are a basic type of combinatorial optimization problem that come up in operational research,
computer science, telecommunications, and logistics. In their canonical form, these problems necessitate the allocation of a finite
set of entities—such as tasks, frequencies, time slots, or registers—among a collection of resources, ensuring that no two
conflicting entities are assigned the same resource. The exact meaning of "conflict” depends on the field: in academic scheduling,
it could mean that two tests have the same students; in wireless networking, it could mean that two channels are too close together
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and cause interference; and in compiler design, it could mean
that two program variables are both alive at the same time [*
3]

1.2. Importance in Scheduling and Resource Allocation
The economic and operational importance of efficient
conflict-free assignment is considerable. Poorly planned
exam schedules waste institutional resources and hurt student
welfare Bl Bad frequency planning hurts network capacity
and user experience ¥, Suboptimal register allocation leads
to more memory accesses and slows down the performance
of compiled programs . In every case, the assignment
problem has hard constraints (no two conflicting entities can
share a resource) and soft constraints (either minimizing the
total resources used or maximizing a quality metric). A
modeling framework that integrates these diverse issues is
thus of significant practical importance 2%,

1.3. Motivation for Using Graph Coloring

Graph coloring offers an exact unifying abstraction. For a
graph G = (V, E), a proper k-coloring gives each vertex one
of k colors so that no two vertices that are next to each other
have the same color. When conflict graphs are made with
entities as vertices and incompatibilities as edges, the
chromatic number y(G)—the smallest number of colors
needed for a proper coloring—directly relates to the smallest
number of different resources needed for a feasible, conflict-
free assignment [ 8 This correspondence is not merely
metaphorical; it facilitates the application of the extensive
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algorithmic toolkit created for graph coloring to any domain
that permits this representation 2],

2. Theoretical Foundations of Graph Coloring

2.1. Basic Definitions and the Chromatic Number

A graph G = (V, E) has a vertex set V and an edge set E that
is a subset of V x V. A proper vertex k-coloring is a function
c:V—{1,2, ..., k} such that for every edge (u, v) € E, c(u)
# c(v). The chromatic number ¥(G) is the smallest k that
makes G k-colorable. There are a few well-known limits:
(G) > ©(G), where ®(G) is the clique number of G (because
all vertices in a clique must get different colors), and ¥(G) <
A(G) + 1, where A(G) is the maximum degree, according to
Brooks' theorem (with the exception of complete graphs and
odd cycles) 220,

2.2. Types of Coloring: Vertex, Edge, and List Coloring
Edge coloring, on the other hand, gives colors to edges in
such a way that no two edges that share an endpoint get the
same color. Vizing's theorem states that the chromatic index
¥'(G)—the least number of colors needed to color the edges—
satisfies A(G) < ¥(G) < A(G) + 1 4. List coloring is a
generalization that was created to model resource pools that
are not all the same. It lets each vertex v be colored only from
a specific list L(v). The list chromatic number (choosability)
is usually at least ¥(G) and can be strictly bigger 2. Total
coloring builds on these ideas by coloring both vertices and
edges at the same time, making sure that no two adjacent or
incident pairs share a color (see Table 1).

Table 1: Comparison of Graph Coloring Types and Applications

Coloring Type Definition

Primary Application Domains

Vertex Coloring

Assigns colors to vertices so no two adjacent vertices share a color; uses y(G)| Timetabling, register allocation, frequency

colors planning
Edge Coloring Assigns colors to edges so no two incident edges share a color; minimum Scheduling paral!el tasks, network link
colors = A(G) or A(G)+1 assignment
List Coloring Each vertex v has a permissible colqr Iis_t L(v); assigns colors only from Constrained timetabling, heterogeneous
respective lists resource pools
Fractional Relaxation of vertex coloring using fractional assignments; lower bound for |Approximation algorithms, wireless channel
Coloring 1G) sharing
Total Coloring | Colors both vertices and edges so no adjacent/incident pair shares a color Comprehensive cc;;iltg:rtnrsnodelmg n mixed

2.3. Computational Complexity

Finding x(G) for a general graph is NP-hard, and even
figuring out if a graph can be 3-colored is NP-complete [ €],
This complexity has significant consequences: for substantial
real-world cases, exact methods are computationally
impractical, and approximation algorithms face stringent
inapproximability results—no polynomial-time algorithm
can approximate ¥(G) within n*(1—¢) for any € > 0 unless P
= NP Bl Even so, restricted graph families (like planar
graphs, perfect graphs, and interval graphs) can be colored
exactly in polynomial time. This is something that
practitioners can use when conflict graphs have a certain
structure 118 201,

3. Chromatic Decomposition in Scheduling

3.1. Mapping Scheduling Problems to Graph Coloring
The process of turning scheduling problems into graph
coloring problems is pretty standard. The set of things that
can be scheduled is S = {su, sz, ..., s»}. Make a conflict graph
G_S = (S, E_S) where (s;, sj) € E_S if and only if s; and s;
can't be given the same resource or time slot. A correct
x(G_S)-coloring of G_S will then give you a schedule that
works and uses the least humber of time slots. From the
definition of proper coloring ™ 2% it is clear that this
reduction is correct. Figure 1 shows that each exam is a vertex
and that edges connect exams that have at least one student
enrolled in them. Colors show different time slots.
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- RED = Time Slot 1
[ BLUE = Time Siot 2
- GREEN = Time Slot 3

Node %?:"»iegg%: Conflict Colqring
(Exam) (Color) Edges Valid?
Yes —
A-B ;
A RED -\ |No adjacent
(conflict) | same color
Yes —
B | BLUE A'ﬂ‘.’t No adjacent
(conflict) | same color
Yes —
¢ | GREEN | B-C "INoadjacent
(conflict) | same color
Yes —
D RED B';ID No adjacent
(confiict) | same color
Yes —
E BLUE C_ﬂE No adjacent
(confiict) | same color
Figure 1 |

Fig 1: Conceptual Diagram of Graph Coloring Applied to Exam Scheduling

3.2. Timetabling Applications

One of the most widely studied uses of graph coloring in
operations research is for making educational schedules,
which includes both exam and course schedules 171, Graph
coloring models have been used as baseline formulations in
the International Timetabling Competition many times.
Empirical studies show that DSATUR-based heuristics that
start with high-degree vertices make timetables that are
almost perfect on benchmark instances, and the estimates for
the chromatic number are very close to the best solutions "
171, You can add weighted penalty functions to the coloring
model or add virtual vertices that stand for slot combinations
that aren't possible to handle constraints like room capacities
and period preferences B,

3.3. Job Scheduling in Computing Systems

In parallel computing, job scheduling means giving
processors computational tasks in such a way that tasks that
depend on each other or share resources don't run at the same
time. When tasks are vertices and resource conflicts are
edges, this is the same as vertex coloring. The number of
colors is the same as the number of time steps or processors
needed [ 251 Edge coloring is especially useful for
scheduling tasks in a multiprocessor pipeline, where the

chromatic index of the task-precedence graph tells you how
many stages the pipeline needs to have. Constraint
propagation methods, which are part of coloring algorithms,

work well with precedence constraints and release-time limits
[21]

4. Resource Allocation Models

4.1. Frequency Assignment in Wireless Networks

The frequency assignment problem (FAP) in wireless
communications necessitates the allocation of transmission
channels to base stations or transceivers, ensuring that
stations within mutual interference range operate on separate
frequencies © 1, Building the interference graph, where
transceivers are the vertices and edges connect pairs that are
close enough to each other to interfere, turns FAP into a
vertex coloring problem. The minimum spectrum
requirement is shown by y(G). Extensions that include co-
channel and adjacent-channel interference constraints result
in more complicated coloring formulations, such as T-
coloring and list coloring variants, which are based on real-
world propagation and regulatory constraints [ 0. The
chromatic decomposition model for a five-station wireless
network is shown in Figure 2.

BIELIMINATED (& EBFSE9
B ELIMINATED
P ELIMINATED
B ELIMINATED

B ELIMINATED

BS-1

Resource
Ch. 1
Base Station 1~ BS-2, BS-3 (RED)
Base Staton2  Bs-1,Bs-4 [l (BU'JE)
. Ch.3
Base Staton3  BS-1,B55 [l (GREEN)
' ch. 1
Base Station 4 BS-2 (& (RED)
. ch. 2
Base Station 5 BS-3 = (BLUE)
@ ch. 1 (RED)
@ cCh.2 (BLUE)
@ cCh. 3 (GREEN)
& -

BS-3

Allocated
Channel
(Color)

Interference | Assignment
Risk Valid?

& EB8F5E9 Yes

& EBFSE9 Yes

& EBFSEQ Yes

& EBF5E9 Yes

Five-Node
Interference Graph

BS-2

BS-4

Fig 2: Resource Allocation Model Using Chromatic Decomposition in Wireless Networks
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4.2. Register Allocation in Compilers

Register allocation, an important step in optimizing programs
for execution, maps an unlimited number of virtual variables
(temporaries) to a limited number of physical CPU registers.
This minimizes memory spills, which are expensive. The
common method makes a register interference graph (RIG),
where virtual variables are the vertices and an edge connect
two variables that are both live at the same point in the
program. Chaitin et al. showed that the RIG is k-colorable if
and only if there is a register allocation that uses at most k
registers . This formulation succinctly encapsulates the
fundamental allocation issue; in practice, the Iterated
Register Coalescing algorithm and analogous techniques
integrate coloring with coalescing heuristics to minimize
superfluous copy instructions,

www.ComputationalEngineeringJournal.com
a domain of ongoing research [,

4.3. Task-Resource Conflict Modeling

In a broader sense, task-resource conflict graphs show any
situation where tasks compete for shared resources over time.
This includes scheduling shifts for airline crews (where rules
don't allow certain combinations of shifts), routing network
traffic (where bandwidth limits stop multiple flows on shared
links), and providing cloud resources (where virtual
machines fight for physical host resources). For each case,
the conflict graph is built to show the specific incompatibility
relation, and the coloring solution gives the least amount of
resources needed for a feasible assignment. Table 3 shows
how these problems can be mapped to graph coloring models
across different domains.

Table 3: Cross-Domain Mapping of Problems to Graph Coloring Models

Application Domain Graph Vertices (V)

Graph Edges (E)

Color Assignment Semantics

Exam Timetabling Exams/courses

Shared student enrollment

Time slot or room assignment

Job Shop Scheduling Jobs / operations

Resource or precedence conflicts

Processor or machine assignment

Frequency Planning Wireless transceivers

Mutual interference range

Frequency channel assignment

Register Allocation Live variable intervals

Simultaneous liveness overlap

Physical CPU register assignment

Network Routing Network switches/nodes

Shared bandwidth contention

Virtual circuit or path assignment

Crew Rostering Personnel or shifts

Regulatory incompatibility

Duty period or role assignment

5. Algorithms and Optimization Techniques

5.1. Exact Methods

There exist exact algorithms for graph colouring, including
backtracking search and branch and bound algorithms.
Backtracking allows you to assign colours to your vertices
one by one, with the capability of taking them back if a
conflict is discovered [, Branch and bound algorithms allow
you to use bounds (lower bound in the form of the clique
number, upper bound as the greedy colours) to prune out parts
of the search tree, thus reducing (often quite significantly) the
worst-case search space 2%, While exact algorithms always
provide optimum solutions, they suffer from exponential
worst-case time complexities and therefore will only be able
to be used to solve practical problems for graphs with up to a
few hundred vertices (structure dependent) I,

5.2. Heuristic Methods
Greedy algorithms are efficient and fast, within O(V + E)

time complexity, because they sequentially color each vertex
using the smallest color available based on either a
predetermined or heuristic-based vertex order. However,
depending on the vertex order, greedy algorithms may require
using a number of colors much greater than x(G) [l The
innovative method proposed by Brelaz using the degree of
saturation (DSATUR) allows for the choice of the vertex with
the largest number of differently colored neighbours to be
coloured at each step of the algorithm with ties being resolved
based on the degree of the vertices ['l. The degree of
saturation method is able to achieve colours that are close to
colouring the chromatic number on both random and
structured benchmarks and is one of the most effective
methods for generating colourings for moderately sized
instances.

5.3 Metaheuristic Methods

For smaller problems metaheuristic methods such as; Genetic
Algorithms (GAs), Simulated Annealing (SA), and Tabu
Search (TS) have been employed [t 12 131 with GAs
representing colorings as chromosomes and using
crossover/mutation operators in order to evolve populations
towards low color solution sets; where fitness is based on the
number of conflicting edge-color pairs ' 13, SA allows the
selection of lower quality solutions probabilistically based on
a defined temperature schedule which provides the
opportunity of overcoming isolated local optima 3. TS
maintains a “recency” memory of previously explored
solutions thereby preventing the reexamination of any
explored solution forcing the exploration of the entire
coloring space 3. Hybrid memetic algorithms combining
local and population-based search have received the highest
levels of success on competitive benchmarked instances [*°1,

5.4. Trade-offs Between Optimality and Computational
Cost

The major trade-off in algorithm selection is between
solution quality and computational resources. Algorithm
selection methods (like exact algorithms) should only be used
on small or highly structured graphs. DSATUR has a strong
heuristic guarantee with polynomial complexity, making it
the first choice for medium sized instances. While
metaheuristic methods provide the best empirical quality
solution, they have the drawbacks of being sensitive to
parameters, and producing non-deterministic performance,
when solving large scale instances. Practitioners can calibrate
the algorithm choice based on size of the instance, amount of
computation time available, and the optimality gap required
to guarantee a "best" solution. The details of the complexity
and performance characteristics of the key methods are
presented in table 2.
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Table 2: Summary of Algorithms — Complexity and Performance Characteristics

Algorithm Category | Time Complexity Performance Characteristics
Backtracking Exact O(k™n) worst case Guarantees optimality; infeasible for large graphs due to exponential cost
Branch & Bound Exact E)ég;)unneen(;[;al Reduces search space; practical for moderate instances with tight bounds
Greedy Coloring | Heuristic O(V +E) Fast but order-dependent; may use up to A(G)+1 color; no optimality guarantee
DSATUR Heuristic 0(VA2) Prioritizes vertices by saturation degrtier(]e; tgﬁiiirforms greedy; near-optimal on many
Genetic Algorithm |Metaheuristic| Varies (iterative) | Population-based; effective for large instances; convergence depends on parameters
iir:?]l;:fﬁre](; Metaheuristic| Varies (iterative) |Probabilistic escape from local optima; solution quality sensitive to cooling schedule
Tabu Search  |Metaheuristic| Varies (iterative) | Memory-guided; strong practical performance; competitive with genetic approaches

6. Cross-Domain Insights and Limitations

6.1. Unified Modeling Advantages

The main theoretical benefit of the graph-coloring framework
is that it is domain-independent in its application; once a
conflict graph is created, all algorithms used for graph
coloring (exact, heuristic, and metaheuristic) may be used
directly, regardless of the domain where the graph was
originally created [, With this unification, there is
opportunity for knowledge transfer; as such, advances made
in coloring algorithms for frequency assignment will be
helpful for register allocation, and vice versa. Graph coloring
also provides a common language with which to make
comparative analyses between the various domains in which
it is used; by allowing benchmarking across different
domains using the same graph-theoretic metrics (e.g.,
chromatic number, clique number, and graph density) [> 251,

6.2. Scalability Challenges

Despite its aesthetic quality, graph coloring has severe
scalability limitations when it comes to practical deployment.
Real-world scheduling problems for large universities and
national telecommunications networks can involve anywhere
between tens of thousands of vertices and millions of edges,
making even DSATUR computationally expensive. To
address this issue, research has focused on parallel and
distributed coloring algorithms, including speculative
methods for multicore architectures. On top of this, dynamic
scheduling scenarios-in which, conflicts or new entities are
introduced online-require incremental coloring algorithms
that update their solutions without having to recompute
everything again. This is still a very active area of research.

6.3. Real-World Constraints vs. Theoretical Assumptions
The traditional model for coloring graphs assumes shared
resources are continually used in a binary fashion, with an
equal chance of being affected by another resource
(symmetric conflict); however, these assumptions are often
violated in real-world situations. Timetabling issues present
different types of constraints than simply determining
whether one resource interferes with another when two are
mutually exclusive (multi-dimensional; for example, room
capacity, accessibility, instructor feedback, etc.) which
cannot be modelled with simple edge conflicts® 1. The
frequency assignment problem has levels of interference that
are not binary, and therefore must be represented as weighted
colours or through a T-colouring like method!® °1, Allocating
registers to compile must also consider issues of spilling,
coalescing and pre-coloured nodes which increases the
complexity beyond simple graph colouring problems!el,
Some of the biggest research gaps exist in developing colour-
based models that will natively support soft constraints,

multi-objective optimisation
stochastic  conflict  structures in
environments.

and uncertainty due to
uncertain/dynamic

7. Conclusion

Graph coloring, through chromatic decomposition, has been
established as both an effective AND mathematically
rigorous means of providing a unified framework for
conflict-free assignment in resource allocation and
scheduling. When the entities assigned AND their
incompatibilities are mapped onto vertices/edges,
respectively, various classes of assignment problems
(academic scheduling; job shop scheduling; frequency
planning; register allocations) can be reduced to either the
vertex or edge coloring problem, with the chromatic number
providing a lower bound on the number of resources required.
As a result of the NP-hardness of general graph coloring,
large-scale instances must be solved by the use of heuristic
and/or metaheuristic algorithms; DSATUR, hybrid memetic
algorithms are the best-performing techniques providing
good approximation within computationally manageable
limits. A cross-domain analysis demonstrates
interdisciplinary synergy as advancements in algorithms and
insights on problem formulation can flow freely back and
forth, given the established conceptual framework of
coloring. Despite this limitation, the framework has
limitations: it cannot scale to large graph sizes; binary
conflict models cannot represent gradual or ambiguous
conflicts; it has difficulty mixing multi-dimensional soft
constraints and its colour paradigm. Future research will
focus on development of real-time scheduling using dynamic
and online colour algorithms; using machine learning to help
metaheuristic colour frameworks search; and formally
studying colour under probabilistic or adversarial conflict
models. If the above advancements are made, they will lead
to the ability to perform chromatic decompositions in next-
generation resource-constrained systems (i.e., cloud
computing infrastructure, 5G/6G spectrum management, and
autonomous multi-agent task assignment).
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